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ical functions and differential operators on com rassmann manifolds

| ogenboom

ACT
. s v .

>roofs are given of two theorems of Berezin and evic, which as
s we know never have been proved correctly. By u igenfunctions of
aplace-Beltrami operator it is shown that the sp 1 functions on a
ex Grassmann manifold are given by a determinant rtain hypergeo-
c functions. By application of this result, it i ed that a certain
m of operators, for which explicit expressions a en, generates the
ra of radial parts of invariant differential ope .
ORDS & PHRASES: Complex Grassmann manifold, sphe function, radial

part of an invariant differentia ator, hypergeo-

metric function, Jacobi function







VTRODUCTION AND MOTIVATION

In [1] BEREZIN and KARPELEVIC gave an explicit expression for the zonal
rical functions on a complex Grassmann manifold. Unfortunately, no proof
jiven there. -

In [9] TAKAHASI stated the same result, but he also gave a proof. This
I, however, was not correct. It relies upon another result of BEREZIN
{ARPELEVIC (also in [1], unproved), namely that the algebra 6CDO(G))
idial parts of invariant differential operators is generated by a system
>erators Ai (i =1,...,n), for which they could give explicit expres-

3. This being proved, it is sufficient to find the eigenfunctions of all

Takahasi's error was in the proof that G(Ib(G)) is generated by the
2'11 try to indicate where he went wrong. He proceeded as follows.

Let G := SU(n,n+k;C), and g = 4uU(n,n+k) its Lie algebra. Let g = k+p
Cartan decomposition of g. Let S(pP) be the symmetric algebra over p,
.et I(p) be the subalgebra consisting of K-invariants. Let A denote the
1ical linear one-to-one mapping of S(g) onto ID(G). Take p € I(P). Then
: exists a polynomial g such that §(A(p)) = q(sl,...,sn) + terms of

: order. Define p' := G(A(p))—q(Al,...,An). Then we have degree p' <

e p. Now, according to Takahasi, the result follows by induction to
legree of p. But nothing guarantees us that p' has a highest order term
constant coefficients, so the induction step is not justified.

In this paper another proof of these two theorems is given, namely by
j eigenfunctions of all §(D) (D eIDO(G)) - say ¢ - which have a certain
irgent series expansion at «® in a positive Weyl chamber, instead of
‘ical functions - say ¢ - which are eigenfunctions of all § (D) being
.ar in 0. To obtain these &, we only need to find the eigenfunctions of
(radial part of the Laplace-Beltrami operator) which have the desired
1s expansion. That such a function is an eigenfunction of all §(D)
ZDO(G)) is a result of HARISH-CHANDRA [3]. A simpler proof is given
LGASON [4]. Then we use that a spherical function ¢ can be written as
lbination of ¢'s. This gives us the first theorem of Berezin and

slevig. Finally, in the last chapter the second theorem of Berezin and

v
:levic, which states that the algebra G(IDO(G)) is generated by the




(i =1,...,n), is proved.
THE GROUP G = SU(n,n+k;C)

Let G = SU(n,n+k;C) be the group of all complex (n+m)X(n+m) matrices

th determinant 1 (m = n+k, k¥ 2 0), which leave invariant the hermitian

rm:

X, X, X X +...+ X X =X X —eee— X X .
171 7272 nn n+l n+l n+m n+m

en G is a connected, semisimple Lie group with finite center (see

KAHASHI [9]).
Let g = lie(G) be the Lie algebra of G. Then g = 4U(n,n+k;C) and g is
real, semisimple Lie algebra.

Let g = k+p be a Cartan decomposition of g, with

k = {(g 3): u = —u,v = -V, u € Mn(C), v € Mm(¢)}

{ 0 x

P=1(xgl:xen (@

14

Let a < p be a maximal abelian subalgebra. We may choose for @ the

t of all matrices of the form

nxn On><k
H = T
T
Ome
Oan

2re O N denotes the (pXg)-matrix with only zeros as entries, and

* -
= diag(tl,...,tn) (ti € R for all i). Let a; € a (i=1,...,n) be de-
1ed by ai(HT) = ti. Then the roots of (g,a) are given by iai, iZai

< i £ n) and i(aiiaj) (1 £1i < 3j <n), with multiplicities ma = 2k,
i
=1 and m = 2.
1 aiiaj
Let a; i= exp HT' and A := {aT = exp HT: HT e alt.

On the root system we choose an ordering such that the positive Weyl




+
er C 1is given by the T with t1 > t2

are o,, 20, (1 <i <£n) and ao.xo. (
i i im 73

-a ,0 .
n-1 n’' " n

Let I be the set of all roots, and I

I T M L A

From now on we identify T and HT.

Let p :=n% Zan+ m o
p(T) = Zi=1 p.t., with p, = k+1+2(n-

i
_ a(T)"_ _—a(T), My
Let A(aT) 1= agZ+ (e e )
we have:
A=ow?, with o (a,) = P (2k+
_ 2lzn(n—

and w(aT)

Let D(G) be the algebra of left G-i
and let Ib(G) be the subalgebra of
If D € I%)(G), let §(D) ?fnot?-the

As usual let €, IR, Z, Z , Z den

numbers, integers, positive (non zer

ers, respectively.
DIAL PART OF THE LAPLACE-BELTRAMI OP

Let §(Q) denote the radial part of t
ARISH-CHANDRA proved the following 1

. 2.1. Let Hl""'HK be a basis of a,

se of the matrix with elements B(Hi'

_ -1 i3,
s = ) b grH bH

1<i,3<8

Take for H, the matrix H.,., with T,
i Ti i

e i-th place). Then

B(H,,H.,) = tr(adH, adH,)
1 J i J

tn > 0. Then the positive

< j £ n). The simple roots

set of all positive roots.

(sh®®t sh2t ),
1 i i

. (ch2t,-ch2t ).
J 1 J

nt differential operators
of right K-invariant opera-
. part of D.
e sets of all complex numbers,

.egers and negative (non zero)

1lace-Beltrami operator. In

et (glj) denote the

1<i, i<
.1.) Killing form). Then

[(OI---rorerl---ro) (with 1




= ZM mg B(H;)B(H,)

= 4(k+2n) 6,..
1]
formula (2.1) gives:
-1lvn -2 -1 9 2 3
8(2) = (4(k+2n)) "} w o 3, (0o -a-t—>
s a differential operator Hi corresponds with S/Bti). Hence:
' ~ ) -1 5w . -1 30,
4k+20)8(Q) = ). (5 + (20 et 3 T
ot, i i i
1
_ z m_l( 82 -1 %0 29 ) o
i Bt? 9t, 3t
i
-1 82 -1 30 3
S w i e g 202
ot, ot, dt,
1 1 1
...1 _1

w Sl(Ll,...,Ln) °ow - w Sl(Ll,...,Ln)w,

2re we have defined

L, := Ji—~+ 2(kcoth t, + coth 2t.) 2
i 2 i i° 9t,
ot i
i
i
Sj(Ll"°"Ln) := the j-th elementary symmetric polynomial in
Ll""'Ln
e [9]).

Now define

-1
Aj =W Sj(Lll---’Ln) o Wy

n we have, because of the relation SJ(L ,...,L ) w = cjw (cj defined

st ¢ g = 7Y (£44i (1+k+1)), see [9):

3=0 1=0




4(0ck2m) 8(2) = A = JI01 af (1+k+)
‘GENFUNCTIONS OF & (Q)

In this chapter we make use of the following lemma (see [4], ch.II,
1.10) . Let A be the root lattice, that is A = {2181+...+zn8n :

z, Bi is simple, zi € Z{+U(0)}. Let Yy denote the natural isomorphism

(X) onto I(A) (X = G/K, A Lie group corresponding to @, I(A) set of

-ariant polynomials on A, see [4], ch.II, theorem 1.2).
v 3.1, Tﬁe equatiop

S(Du = =(<A, 2> + <p,p>)u
! unique solution on C+ of the form

u(H) = @x(exp H) = Z Fu exp((/:TA—p—u)H)

uel

FO =1. u-= ¢A° exp is also a solution of the system of differential

§(M)u = y(D) (Y=TA)u, D € D, (G).

In our case, the function @A of the lemma takes the form

3 (a) = cFTA0) () 5 Ly D)
T u
uel
T € C
A= (e ) ea )
FO =1,

‘der to be an eigenfunction of all §(D), D eIDO(G).

So we have to solve




-1
(w Sl(Llr---:Ln)ow)u

uua,

Sl(Lll-.-,Ln)(wu)

H (wu) .
Let us try a solution u(T) of the form -
w(T)u(T) = Vl(Ll) LI vn(tn),

re v, is a solution of the equation

3) Lv, = —(X?+(k+1)2)v_, t, >0,
ii i i i

n that vi is of the form

e_nti, r =1.

(- kD)) £y b
Y vilty) =e " loo T 0

INITION 3.1. Let Vi(ti) be a solution of (3.3), which is of the form

1) . Then we define
o (e o vl(tl)-...-vn(tn)
AT w(aT)
DJREM 1.
@A(aT) satisfies S(Q)QA(aT) = = (<A, 2> + <p,p>)®k(aT).

QA(aT) has a series expansion (3.2).

)F.

a. According to (2.2) we have
. _ _yn-1 ..
5) 4(k+2n) § () 8, (ar) = (A= .70 4i (i+k+1)) 0, (a) -

Because of the relation B(Hi,H.) = 4(k+2n)6ij, the inner product <.,.>

1

jiven by <&,n> = (4(k+2n)) z?=1gini, 1 €= (Eyr-aasf ) n = (Nyseeeum ).

e




_ -1 -1
A0y (a) = w8 (Lysee D) ow(w™ T_ v, ()

w—l(—(4(k+2n)<x,x> + n(k+1) 2 v (t.)
i=1 i i

= (4 (k+2n) <A, > + n(k+1)2réx(aT),

nzl

se of the relation Livj(tj) = —(X§+(k+1)2)vj(t
t+142(n-i) we have 4(k+2n)<p,p> = n(k+1)2 + Zj—O 4j (k+1+j), and

:)8,.. Since
J
:ogether with (3.5) and (3.6) proves a.
. To prove that QK(T) has a series of expansion (3.2) we use the fact
ri(ti) is of the form (3.4). We have

vl(tl)-...'Vn(tn)

2, (ap) = w(ay) .

\wccording to (3.4) the numerator is of the form

(Y=1A, = (k+1))t, +.. .+ (V=11 - (k+1))t -L.t -£ t
1 1 n nye r . .Xw r
© £,=0 2 ° tetlg =0k ©
1 1 n n

'or the denominator we have

wlag) = 2O o T T T T,
i<j
2(n-1)t +2(n-2)t_+...+2 -2(t, -t,) ~2(t +t,)
=2 ! 2 Blg e P 3y 13,

i<j
F +
n C we have t1 > t2 > L. > tn > 0, so for all T € C the exponents
+ denominator (i.e. —2(ti—tj) and —2(ti+tj) with i < j) are < 0, so

‘e the power series expansions

1 =) e—2p(ti—tj)
—2(ti—t_) p=0 !
1-e J
-2q(t,+t.)
: =) e 1T

- + =
2(ti tj) g=0




Using these power series expansion and formulas (3.7) and (3.8) we

. for @A:

(/=1 —(k+1)—2(n—1))t1+...+(/fTA ~(k+1)=2)t  +(/=TA - (k+
. (a) = e 1 n-1 n-1 n
A ST

) e (o "ZRLETED . —2q(E )
: n?=1(z£i=0 Pﬂie * l) m \zp=0e zq=o e

i<j

i

e(/?Tx—p)(T)

multiplied with a finite product of convergent series of

form £ b (Me * T,
e ¥
Hence multiplication of the power series gives

0, (a) - o /=1A-p) (T) I yeH ™,
nel H
arly we have FO = 1 which proves b. O

Now we've come to the point where we have to find the function vi(ti)
ch satisfies (3.3) and (3.4). The equation Livi = uiv, can be seen as a
ferential equation for Jacobi functions (see [8]). The general equation

Jacobi functions is:

-1 4 du(t), _ 2 2
9) (Aa,B(t)) EE{Aa'B(t) —EE——} = = (A +(a+B+1) )u(t),
re A (1) = (efoety20Hl b, ot 2641

a,B
The left-hand side of (3.9) in the case a =k, B =0, t = ti is easily

n to be equal to Liu. So let us try to find a solution of

-1 2 du, _ 2 2
10) (Ak,O(ti)) 5;;{Ak’o(ti) 3ti} = (Ai+(k+1) )u,
ch is of the form (3.4).
Substitute ti = —shzti. Then equation (3.10) leads to a h&pergeometri

lifferential equation. If we let ti =+ », (3.4) gives the asymptotic

aviour:

(V=1X, - (k+1)) t.
11) v, (t) =e + T (1+0(1)) .




ling to [2, 2.9(9) ] the Jacobi function of the second kind

— /=12, - (k1)

(k,0) _ i i _ S ) i
N (t) = (e "= ) F 4 Ca (k1 %”Txi),%(k+1 /"Txi),

i

1-/"TA. ;-sh ™ 2t2)
1 1

solution of (3.10) for all Ai with Im Ai ¢z, having the asymptotic
our (3.11).

3.2. @ik'o)(ti) has a convergent series expansion (3.4) for ti > 0.
i
o — /=T, = (k1)
e, " (t,) = (e e ) F, (5(-k+1=/=1X) , 5 (k+1-V=T),) ;
Ai i 21 i i
1-/=Th, ;-sh~t.)
i i
t; -ty Y-TA - (k+l)
= (e +e ) F, (5 (k+1-/=1X,) ;5 (k+1-/=T1 ) ;
21 i i
1-¢TTAi;ch"2ti) (see [2, 2.10(6) 1)
0TI -, —2e, T o /T )y )2
= e * l(1+e l) 1 0 (ch-zt
(1-/=-TA,) n! i
n=0 i'n
1itely convergent for t > 0 since 0 < ch_zti < 1. Hence
(V=TA, - (k+1)) ¢, e, —2p, T2/ ke
o0 () = e * N ve e N
)‘i i n=0 'n
_gp, ~2nt/=TA;-k-1
’he lemma follows by expansion of (1l+e l) in powers of
0

’ombining theorem 1, lemma 3.1 and lemma 3.2 we get

@L}. The function

o K0 ¢y g0

kl 1 An

w(aT)

t )
n




tisfies
§(D)2, (a) = y(D)(/TTx>¢A(aT)
r all D eIDO(G).
SPHERICAL FUNCTIONS ON SU(n,n+k;C)

Let ¢K be a spherical function on G, that is an eigenfunction of all
e:DO(G), having value 1 at e. Then we have (see [5]):

+
.1) bylap) = L elshe_(a), TecC,

sSeW
ere W is the Weyl group of G and @A(aT) an eigenfunction of §(Q) with a
ries expansion (3.2). Our main goal in this chapter is to find ¢A' or to
nd the function c.
Let us first look at the rank 1 case (see [8]). As a solution of the
pergeometrical differential equation (3.10), which is regular for t = O,
get:
(k,0)

6, ()= F, Cs(ct1+/=TA ) ;5 (+1-/=12,) skt1;-sh ) .
i i 21 i i i

Now, assume that Ai ¢ /=1%Z. Then we know from [2, 2.10(2)] that

F. (5 (k+14+7/=TA. ), % (k+1-V=TIA.) ;k+1;sh’t.) =
21 i i i

/:Tsxi—(k+1)

t, -t
c(sr.) (e Toe l)
se{1,-1}
P (4 (-k+1-V/=Ts).) ,% (k+1-V=TsA.) ;1-V=Tsh.;-sh °t.) .
21 i i i i
th
V=TX . +k+1
T (k+1)T(-V/=TAr.)2 .
.2) c(r.) = = ;
i F(%(k+1—/:TAi))F(%(k+1+/:TAi))

So we have




11

by (£ = OO, () + c(-1)e, (t)
1 1 1

now on we omit the indices (k,0), that is we'll write ¢Ai instead of
|

etc.) where ¢ is defined as in (4.2). Because (-Ai)2 = ki the fol-
J relation is also wvalid.

2 2
By (6 = SO0 gyt

[TION 4.1.

det(¢xi(tj))
w(aT)

A
¢, (a_) == _ .
AT m (223

i<y t 3

1<i,j<n

a normalization constant, independent of T and A, which has yet to

ermined) .

e want to prove that ¢, (a_.) is a spherical function on G. Therefore,
AT

like to write ¢A as a combination of ¢.'s, in a way which is similar

Y
1) . According to [9] we have W = {s:s(tl,...,tn) = (Eltc( !
t ), €, = *1, 0 € S_}. We'll denote such a s ¢ Wby s = (g,0) with
1 o(n) i n

:1,...,en) and 0 € Sn. Thus

det (9),; (£,))

A_l.w(aT)¢A(a )

T m (2-2?
a 1 J
i<j
. sgno nn
¥ (-1) L0 (t)
_ €S p=1 Ao(p) P
-0 e (ahH3H
sgno . . )
zoeS =1 2s,'—-il C(elkc(l))Qelk (tl) o c(gn}\o(n))q)e A (tn)
n 1=1}...,n o(1) n o(n)
—3 T - ._
(_1)7n(n 1)det((Ai)J 1)
~ z C(€1AO(1))~...-C(€nxd(n)) o (t )
B . kn(n-1) 2(3-1), p=1 e A :
2622 (-1) , det((elxc(ﬂ ) ) p o(p)

i1




nce

.5) 2 = L C(she_, (a),
seW

ere

c(A,)eeeoec(X )
1 n

.6) = A. -
— 2 (-
(-1) = (n 1)det(xi‘J 1y
Sin ySA> = <A,A> for all s € W, it follows from (4.5) and theorem

a that

.7) ¢A(aT) = —(<A,K>+<p,p?)¢x(aT).

MMA 4. A [6]) Suppose fl(x),...,fn(x) are C -functions on a real

terval t

det(f, (x.))

X ) := - r J

A m(x.-x.) °

i<y

en F 1. nd symmetric on In and, for a € I,
Ln (n-1) .
_ (-1 (3-1)

oerd) = T ey JetET T @)

reover 11 the fi are polynomials, then so is F.

F. (i ) Use complete induction with respect to n, by writing
fl(xl) oo fn(xl)
fl(xz)—fl(xl) .. ﬁn(xz)—fn(xl)

*27% *27%
det )) = (x2—x1)...(xn—x1).det .
£, (x )-£,(x,)
1l n 11 e £ (x)=F (x.)
X -X n n n 1
n 1 -
X =X
n 1

1 next ling the determinant with respect to the first row. O




A ng to 8(20) ], we have
? (a)ﬂ(b)ﬂ
(4.8) z 2F1( z) = —-E-c—)-z—- 2F1 (a+f,b+L;c+l; z) .
Now
2
(6y,) (¢ det(zFl(%(k+1+/:Txi),%(k+1—/:TAi);k+1;—sh £;)
L w(T) Lim n(n-1) 2 2
T ™0 2 T (sh ti—sh t.)
i<y J
U emma 4 (4.8) we see that this expression is equal to
1 1
1 2 2 1 2 2
%(m) (7&1+(k+1) ) —%(k+1) (kn+(k+1) )
-n(n- Ln(n-1 .
2
112 -1)!
n-1 1 2 2 2 2
=) ((k+1) e (k+(n-1) ))(}\1+(k+1) R ()\1+(k+2n—1) R
1 1
A2 (k1) 2 A2+ (k1) 2
1 n
1 .
= — )n._1 3 det .
2 jgl{( it}
(Af+(k+1)2)n'1 (Ai+(k+1)2)n~1
_1)15n(: " 5
== : m (A, -A)).
-1
2 Y R
j=1
Hence, take
n-1 .
(4.9) = (-1) At DA L B s P
j=1
in def n 3.1 ain

13




.10) ¢A(ao) =1,

Now, since it is obvious from the definition that ¢A is W-invariant
1 C everywhere on A, it follows from theorem 2 and the relations (4.5)
1 (4.10) that for all X ¢ a; with Ap ¢ V-1z for all p,¢A(aT) is the res
iction to A of a spherical function on G. Because the set {A € Cn:
pr ¢ Z Vpl is an open, dense subset of Cn, we can catch all A by analy

1tinuation (if Ap = Aq for some p,qg, p#q continuation according to lemma

%
1), so we have proved the first theorem of Berezin and Karpelevic.
- v
ZOREM 3. (BEREZIN and KARPELEVIC [1]). The zonal spherical functions ¢A
G = SU(n,n+k;C) are given by

det (F, (5 (ke HV/=TA,) » 4 (k+1-V=TA.) ;k+1;-sh>t.))
271 i i 5
2lzn(n--l)

A

¢, (a.) = .
A 1L (1222
i<y 1 3

T

T (ch2t.-ch2t.)
i<j * J

2re A is as in (4.9).
THE ALGEBRA GCDO(G))

Now we come to the point where we can prove the second theorem of
cezin and Karpelevig. We proceed as follows. First, we show that the
1ictions ¢A satisfy Aj¢A = aj(X)¢A for all j, and next, by using a method
KOORNWINDER (see [7],86), we show that every differential operator, whi
5 all the ¢A as eigenfunctions, is a polynomial in the Aj (j =1,...,n),
1 this polynomial is uniquely determined. Thus, because of the fact that
) ¢, = Y(D) (‘/ITx)cpA (D € Dy(G)) (this follows from theorem 2 and (4.5))
follows that the algebra S(Ib(G)) is generated by the Aj (3 =1,...,n)

For reasons of convenience we'll work with a slightly larger set than

DO(G)).
WA 5.1. A, (ag) = a (V¢ (ay) for all j.

XOF. In 1 variable t we have

2 2
Liékj(t) = —(Aj+(k+1) )ékj(t)aij'
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n n n 2 2
m(g+L,) T .(tj) = T -+ k) ) \

A 12

i=1 3=1 "5 i=1 i

I as

o, (t.).
J

: on a; the functions aj(k) by

n 2 2 n n-j
T (E-5+H&+D ) = ). - a. (g 2.
. i =0 j
i=1
_ n n
Sj(Ll""'Ln),n QA.(ti) = a,(A).ﬂ QA,(ti) for all j.
i=1 i i=1 i

_1 .
= (w Sj(Ll""'Ln)ow)QA(aT) aj(A)QA(aT) for all j.

= (w—lsj(Ll,...,Ln)ow)¢A(aT) = a, (¢, (ay) for all j.

= Aj¢l(aT) = aj(l)¢x(aT) for all j. O

'or the second part: remark first that every differential operator
is a polynomial in the Aj’ has to have all ¢k as eigenfunctions,

e of lemma 5.1. So we have to prove that every D which has all ¢A
renfunctions must be a polynomial in the A,. We'll restrict ourself
Ise ¢A which are polynomials, that is %(k+1i/:TAi) € Z . If we can
that this, i.e. every D which has all polynomial ¢A as eigenfunctions,
olynomial in the Aj' we are done because of the remark above.

et N be the ordered set of all n-tuples u = (ul,...,un) with ui € Z
1 i, and ul > u2 >,..2 un 2 0, and let < denote the lexicographical
ng on N,

et t = (tl""'tn) with ti € Z for all i.

low, let ¢Ai(t) be a polynomial. Say

%(k+1—/:TAi) = -mi—n+i for i =1,...,n and m € N.

2 (t) becomes
i




¢Ai(t) = 2Fl(—(mi+n—i), mi+n-i+k+1;k+1;—sh2t).
We'll denote such a ¢Xi(t) with %(k+1-/:T;i) = —mi—n+i by pmi(t). Thus

i(t) is a polynomial of degree mi+n—i in -sh t. Then it follows from lemma

1 that ¢A(aT) is a polynomia; of the form ¢A(aT) = c(-shztl)ml...(—shztn)mn+

rms of lower order (according to the lexicographical ordering of the n-

ples (ml,...,mn)). This polynomial function we'll denote by Pm(aT)
e N).

w
FINITION 5.1. Let D (G) be the set of all W-invariant differential opera-

n .
rs on R , regular in the interior of all Weyl chambers, and having all

e Pm as eigenfunctions, that is D eIDw(G) implies DPm = b(m)Pm.
Clearlijw(G) includes both S(Ib(G)) and all polynomials in the Aj.

MMA 5.2. Let D eZDw(G). Let m = (ml,...,mn) € N be the order of D.

en D is completely determined by its eigenvalues of Pu, b(u), with p < m.

OOF. By the W-invariance of D, D can be written as a symmetric operator
2 2 2
—shztl,...,—sh tn. Let -sh to denote the vector (-sh tc

€ S ). Then
n

2
s.-.,-sh’t )
o

(1) (n)

H u
2 ) o(1) ) o (n)
D = Z 2 Cu (—Sh t ) (_———"2-_' ° @ _~‘2—_) °

u<m oeSn 9 (-sh tl) 9 (-sh tn)

We'll prove by complete induction with respect to p that cu is completely

termined by b(u) (¢ < m). We have ¢, = b(0). It follows from DPU = b(u)Pu

0
at
U 3
bwe, = ] c (-sh’t) (———) T 2 yTom
M oges M 3 (-sh”t,) 3 (-sh®t ) H
n 1 n .
v Vv
+ 7 y cv(—shth) (———3—5_—-——) T(l)...(————32———) T(n).pu,
v<u  TeS 9(-sh't,) d(-sh™t )
4 n 1 n

ause the terms of the D with v > y annihilate Pu.

1ce



v
n!Bucu(—shzt) =bWP - ) ) c\)(—shth) (—2—y T
v;u TESn 9 (-sh tl)
v
(_________32 ) T(n).Pu
9 (-sh tn)
B = wu,t... un: times the coefficient of the term of order (ul,..

u 1

The lemma now follows by the induction hypothesis. [
. 5.2 immediately implies:

. 5.3. Let D,,D

1"7°2

\U
GFD (G). Then D1D2 = D2D1.

\/
We have by definition D € D (G) = D is W-invariant. W is the set
aps s such that

s:(tl,...,tn) - (elt0 ) e, =1 Vi, o € Sn'

(1) "0 (n) i
implies:

. 5.4. Let D € IW(G). Suppose D is written in the form

Hy 3 H

d
D=) c () (=) ...z .
" u Btl Btn

D is invariant under the operations

t, > -t, Vi
i i

(tl""'tn) -+ (t P ) Yo € Sn.

o(1) o(n)

. 5.5. Let D eIDW(G), and let d = degree D. Then D can be written

‘orm
| H
) 1 9 n
D= ) e (Gg) Tee-(Gg?)  + Lo
u n
Zui=d

means lower order terms), where the cu are constants.




.2)

have

Let
W we u

29-1 4

+29-1)

nce

2re we

1ce we

.3)

.3 implies that D commutes with all the Aj, hence

- AjD =0 for all j.

2 2
= S.(*QE-,..., jii) + l.o.
ot ot
1 n

written in the form given by (5.1), only with cu = cu<

2), in particular we use the fact that the terms of ox

ar. This yields:

ar part of [S.( paeor

) O D S (t)

c . .
S p=1 wevj"l atp Vl-ll(p,ﬂ),...,Vn—ln(p,ﬂ)

=d+27j-1

2t 20 <o

© 't TTC YAt -
1 n

Jdefined:
j=-1

:= the set of all (j-1)-subsets of {1,...,p-1,p+1,

1 ifg=p
I(P’ﬂ) 1= <2 ifpew

0] else
. . = o if one or more j, < O.
]11---1]n 1

to solve the system of equations

) . (£)) = 0

~— (C . .
1 revi-1 atp vy 11(p,ﬂ),...,vn 1n(p,w)
p

for all 1 < j < n, v with Zvi = a+2j - 1.




Ne'll prove by complete induction with respect to the lexico

ing that (5.3) implies

SE;-cvll.."vn(t) =0 Vg: 1 < g £n, W: Zvi = d.

nber that (ul,...,un) < (ml,...,mn) iff. 3L such that B, =m
< £-1 and Hp < mﬂ).

3y taking j = 1 and vq =1, v, = 0 for i # q it is clear fro

3
that SE;-CO,...,O(t) = 0 Vq.
Let (Kl,;..,ln) = (O,...,O,Kp+

that for all g

1,...,£n) with £p+1 # 0, and a

9

Teg Sy, 0 70 A ) <t

(induction hypothesis).

1. Assume 1 < g < p.

3y taking j n-i+1, vq =1, v, =01if 1 <i <p, i # q and

i
Lf i 2 p+1 (5.3) becomes

d

— c (t) = 0.
atq 0,...,0,£P+1,...,£n

>. Assume g = p+l.

3y taking j = n-q, v, =0 if 1 <i <p, v, = Ki if p+1 < i <

1
v =42 +1 and v, = £,+2 if i > g+1 (5.3) becomes
q q 1 1

d

— C (t) =0,
atq 0,...,0,£p+1,...,£n

vhere we have used the induction hypothesis.

50 it is proved that (5.3) implies (5.4). Hence <, v (t
17°°°""n

ant for all v, so the lemma is proved. g

iM 4. Let D € D" (G). Then
) can be written as a polynomial in the Aj.
rhis expression is unique, that is if Pl(Al""’An) = PZ(Al'

then P, = P

1 2°




W
OCOF. a. Let D € D (G), and suppose D cannot be written as a polynomial
the Aj. Let d := degree D, and assume that d is minimal. According to

mma 5.5 we can write

3! H
_ 9 1 d n
D = z cu(at ) "'(Bt ) + l.o.
U 1 n

Ty =
uid

Since D satisfies the symmetry relations of lemma 5.4, the d-th order
rt of D has to be a symmetric polynomial in g;gy...,g;z » and hence a
lynomial %? Slf..gjsn, where Sj is the j-th elementarynsymmetric poly-
ST Thus we have

Bt1 Btn

mial in ——

D = P(Sl,...,Sn) + D',

ere D' is an operator of degree < d. We also have Aj = S,+l.0., so

= Aj+l.o. Hence
.5) D=P(A,,...,A ) + D",
1 n

are D" is an operator of degree d" < d.

Since D e:Dw(G) and P eZDw(G) (because all Aj eZDW(G)) we have
eZDw(G). Because d" < d, D" can be written as a polynomial in Al""'An'
1 because of (5.5) this implies that D can be written as a polynomial in
,...,An. This contradiction proves a.

b. It is sufficient to show: Q(Al""'An) =0=0Q =0, if Q is a poly-
nial. So, suppose Q(Al""'An) =0, and Q Z 0. So for some e ¢ %

M, H
172 n
O(u) = E kuu1 Uy eeu
<
2u1+4u2+...+2npn_e
2 i +4u +.. .- = = 0. Taki . =A,,
re not for all p with 2u1 4u2 P 4{hn&%2 e we have ku 0 aking u. 5
1 using the fact that Aj = Sjb—ji,...;-zﬁ + l.0. we obtain

8t1 Btn




u
0= QA ,seunrd) = E k(5 +1.0.)
2u1+...+2nun5e
o

2 2 1

= ) k (5, G2 (s
u atl Stn. .

2u1+...+2nun=e

Hence, the e-th order term of the above expression mus
a combination of elementary symmetric polynomials, and

only be O if all coefficients are 0, hence

ku =0 Yu: 2u1+4u2 +.o..+ 2nun = e,

which is a contradiction, so Q = O. g

Because of theorem 4 we have proved the second th

\A
and KARPELEVIC [1].

THEOREM 5. Let G = SU(n,n+k;C). The operators Aj = w_l
(1 £3j <n), where S, = j-th elementary symmetric poly

2(k coth £, coth 2ti) 3%7, form a system of generato
i
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